We present an accurate computation of the g-factors of the hyperfine states of the hydrogen molecular ion H + 2 . The results are in good agreement with previous experiments, and can be tested further by rf spectroscopy. Their implication for high-precision two-photon vibrational spectroscopy of H + 2 is also discussed. It is found that the most intense hyperfine components of two-photon lines benefit from a very small Zeeman splitting.
I. INTRODUCTION
In [1] , we have studied the spectrum of two-photon ro-vibrational transitions in the hydrogen molecular ion H + 2 . The precise measurement (using a Doppler-free excitation geometry) of the frequency of such transitions in a rf trap constitutes a promising new method for determination of the electron-to-proton mass ratio m e /m p [2, 3] . Our estimate of transition rates with present-day experimental parameters has shown the feasibility of such an experiment. In order to assess the metrological merits of the method, it is essential to evaluate the order of magnitude of systematic effects; if one of them turns out to be a limiting factor, it is desirable to calculate it precisely in order to subtract its effects from the experimental data.
Among the systematic effects, the ac Stark shifts due to the optical fields, blackbody radiation and rf trap potential are expected to be small, due to the small dynamic polarizability of the H + 2 ion [4] . The second-order Doppler effect results in a shift and broadening of the line by about 10 kHz in a typical Paul trap, but can be reduced by sympathetic ion cooling [5] . The Zeeman shift is one of the most important effects remaining to be investigated, especially if circular polarization is used, resulting in the selection rule ∆M J = ±2 for two-photon transitions. In the low magnetic field regime, the hyperfine structure has to be taken into account. The g-factors of the hyperfine levels have been calculated long ago [6] but with an accuracy limited by an imperfect knowledge of the hyperfine structure. A measurement of g-factors ratios has been used by Richardson et al. to extract improved values of the hyperfine Hamiltonian coefficients [7] . We have recently determined these coefficients ab initio with an improved relative accuracy of O(α 2 ), corresponding to the limit of the Breit-Pauli Hamiltonian [8] . The main aim of the present work is to calculate the g-factors with much better accuracy than obtained so far. This high accuracy is, in fact, not needed for optical spectroscopy experiments, where the magnetic field is usually not controlled very precisely, so that the uncertainty on the Zeeman shift will be limited by the uncertainty on the magnetic field and its eventual fluctuations. However, we think it is worthwhile to present these precise values, because they can be tested in rf spectroscopy experiments of the same type as described in [7] , which would provide a good test of hyperfine structure calculations.
II. ZEEMAN HAMILTONIAN
Neglecting relativistic and radiative corrections, the linear part of the Hamiltonian describing interaction of a H + 2 ion with a magnetic field is given by
where g e and g p are respectively the electron and proton g-factors, µ B = e/2m e is the Bohr magneton, and L e , L 1 , L 2 are the orbital momenta of the electron and both protons in the center-of-mass frame. S e and I are the electron and nuclear spins (see Ref. [1] ). The magnetic field is assumed to be oriented along Oz. In the ground electronic state 1sσ g , the main contribution to the g-factor comes from the first term, i.e. the electron magnetic moment, while the other terms are about a factor of 1000 smaller. For the third term this can be understood by noting that the rotation velocities of the electron and protons are of the same order; hence the terms in L e and L 1 +L 2 are of the same order.
In low magnetic fields, the hyperfine structure has to be taken into account, and the Zeeman Hamiltonian can be written using the Landé factor (or g-factor) of the hyperfine level under consideration:H
where J is the total angular momentum; note that the scalar g J becomes a tensor if relativistic and radiative corrections are taken into account, in contradistinction with the atomic case, due to the lack of central symmetry of the potential [9] .
Let us briefly recall the structure of hyperfine levels (for more details, see [1] ). For even values of L, the total nuclear spin I is zero the total angular momentum is J = L + S e , and
For odd values of L, I is equal to one and the coupling scheme is as follows: the total spin F = S e + I (F = 1/2 or 3/2) which is not an exact quantum number, and the total angular
the hyperfine state is a linear combination of F = 1/2 and F = 3/2 states:
In the following, we evaluate the contribution of each term in equation (1) to the g-factor of the pure states |v, L, S e , I, F, J, M J , noted as g J (v, L, F, J) (if L is even, these notations are replaced by |v, L, S e , J and g J (v, L, J), respectively). The effect of state mixing will be addressed in Sec. VII. The g-factor is divided into three contributions:
where g 1 is the contribution from the first term in equation (1), g 2 is the contribution from the second term, and g 3 the contribution from the last two terms. Note that the first two quantities do not depend on the vibrational quantum number v, because the Hamiltonian only involves spin operators. In contradistinction, the last term contains orbital momentum operators acting on the orbital wave function, which introduces a slight dependence on v.
The standard angular algebra procedures used below can be found in many textbooks, e.g. [10] .
III. CONTRIBUTION OF THE ELECTRON SPIN
Here, we evaluate the contribution to the g-factor coming from the first term in equation (1). The Zeeman shift of a given hyperfine level |v, L, S e , I, F, J, M J due to this term is given by
From now on the dependence in v will not be noted, since S z e does not act on the orbital wave function. Application of the Wigner-Eckart theorem to the vector operator S e yields L, S e , I, F, J, M J |S z e |L, S e , I, F, J,
The contribution to the g-factor of the hyperfine level under study is then:
S e , I, F, J S e L, S e , I, F, J J(J + 1)(2J + 1)
We now consider separately the cases of even and odd L.
A. Even values of L
In this case the intermediate angular momentum F is irrelevant since I = 0, and one directly has J = L + S e . The reduced matrix element appearing in (7) is then obtained as LS e J S e LS e J = S e S e S e (−1)
where S e S e S e = S e (S e +1)(2S e +1) = 3/2 . One gets g 1 (L, J) for the two possible
B. Odd values of L In this case the total spin of nuclei is one: I = 1. The reduced matrix element appearing in (7) is obtained in two steps:
S e , I, F S e S e , I, F = S e S e S e (−1)
L, S e , I, F, J S e L, S e , I, F, J = S e , I, F S e S e , I, F (−1)
From this we get the factors g 1 (L, F, J) for all hyperfine levels:
IV. CONTRIBUTION OF THE NUCLEAR SPIN
In the same way, we evaluate the contribution from the second term in equation (1), which is nonzero only for odd values of L. Similarly to equation (7), the g-factor associated with this term is
The reduced matrix element appearing in the above equation is obtained similarly to equation (11):
From this we deduce the factors g 2 (L, F, J) for all hyperfine levels:
,
V. CONTRIBUTION OF THE ORBITAL MOMENTA
The contribution to the g-factor coming from the third and fourth terms in equation (1) is
where we have used that L 1 = L 2 due to the symmetry of H + 2 with respect to the exchange of nuclei. The reduced matrix elements appearing in the above expression are expressed as a function of reduced matrix elements involving only the orbital wave function:
This expression is valid both for even and odd values of L (in the first case F = S e = 1/2).
We finally obtain the factors g 3 (v, L, F, J) for all hyperfine levels, expressed as a function of the orbital reduced matrix elements. For F = 1/2 levels (both with even and odd L) we have:
and for F = 3/2 levels (appearing only if L is odd):
where
The relative accuracy. The results are shown in Table I .
VI. ROTATIONAL g-FACTORS IN THE STRONG-FIELD REGIME
These results allow a precise calculation of the rotational g-factor, which can be measured independently in a strong magnetic field. In this regime, the different angular momentum and spin vectors are decoupled, and the Zeeman Hamiltonian is usually written in the form (20) Comparing this expression with equation (1), one easily obtains the expression of the rota-
The values of rotational g-factors are given in the last column of Table I . They are improved with respect to the previous calculation performed within the adiabatic approximation by
Rebane and Zotev [13] . Note that the slight dependence of g rot on L is neglected in the approach followed in that paper.
Loch et al. [11] measured the rotational g-factor of H + 2 , averaged over the vibrational levels v = 4 − 6 and the rotational levels L = 1 − 3, to g rot = 0.920(40). Extending our calculations to the v = 5−6 levels, and assuming the vibrational state populations reported in [11] , we find g rot = 0.8688, in disagreement with the experimental value by 1.28 σ.
VII. EFFECT OF THE STATE MIXING
We now have to take into account the fact that for odd L, some of the hyperfine eigenstates are not pure states with a well-defined value of F , but linear combinations of F = 1/2 and F = 3/2 states (see equation (3)). The various contributions to the g-factor (denotedg J from now on) are changed in the following way:
with
The contribution g 3 does not contain any crossed terms, because the corresponding Hamiltonian acts only on orbital variables, and cannot couple F = 1/2 states to F = 3/2 states.
The mixing coefficients C ± 1 , C ± 3 are given in [12] . It only remains to calculate the crossed reduced matrix elements appearing in the above expression. We have L, S e , I, F, J S e L, S e , I, F ′ , J = α (−1) 
with α = (2F + 1)(2F ′ + 1) (2J + 1)
From these expressions one may finally obtain
VIII. FINAL RESULTS AND DISCUSSION
Our results are summarized in Tables II, III Finally, and most importantly, relativistic and radiative corrections, as considered by Hegstrom in the strong-field regime in [9] , are not included. This limits the relative accuracy To sum it up, the accuracy of our results is O(α 2 ) ∼ 5×10 spin-dependent charge-exchange techniques [11] .
We have nevertheless given the g-factors values with 7 digits. Although all digits are not significant, this is helpful for understanding the order of magnitude of various effects, such as the variation as a function of v and L, or the importance of corrections due to state mixing.
For example, it can be seen that state mixing acts on the value of the orbital contribution g 3 at the level of 10 −6 at most, so this effect may be neglected at the present level of accuracy.
To our knowledge, the magnetic moments of the H + 2 hyperfine states in a weak magnetic field have been investigated only by Richardson, Jefferts and Dehmelt in 1968 [7] . They give a few ratios of g-factors between different hyperfine states, which we have reported in Table V together with the result of our calculation. Note that the experimental values are averaged over the vibrational states v > 4. In our evaluation, we have taken the vibrational states v = 5-8 into account, and assumed that their relative populations (determined by the creation process by electron impact ionization of H 2 at room temperature) are the same as measured in Ref. [14] . Good agreement is obtained in all cases. We now use these results to evaluate the Zeeman shift and splitting of the two-photon
envisaged for high-precision spectroscopy of the H + 2 ion. For illustration, we choose a magnetic field of the order of the earth field, B = 5×10 −5 T.
As explained in the introduction, the accuracy of our calculation is more than sufficient for this purpose. The leading relativistic corrections which we have neglected correspond to a shift of order α 2 µ B B ∼ 35 Hz, well below the present goal accuracy of spectroscopy experiments. The frequency shift ∆ν of a two
If circular polarization is used, the selection rule is M ′ J − M J = 2. M J can take the possible values −J, −J + 1...J − 2 so that the shift of the line centre (corresponding to
In the case of linear polarization, the selection rule is M 
We have shown in [1] that the most intense hyperfine components are those between pairs of homologous spin states, (F, J) → (F, J), and only these components are considered in the following. In this case, we benefit from an almost complete cancellation (to 1 percent or better) between the g-factors of the initial and final states, so that the Zeeman splitting is very small (compared to the global shift observed in circular polarization). Note that such cancellation will also take place for relativistic corrections, so that the theoretical uncertainty is also reduced. In estimating the uncertainties, we have assumed cancellation to 1 percent.
The cases L = 1, 2, 3 are compared in Table VI (30)). An estimate of the theoretical uncertainty (see text) is given when it is significant. result in a line broadening of order 1-10 kHz. If one wishes to improve the resolution beyond this limit, active control and stabilization of the magnetic field is required [15] . Together with larger transition probabilities as discussed in [1] , this brings a strong argument in favor of using linear polarizations. Unfortunately, optical isolation of the laser source from feedback by the enhancement cavity is at present only possible with a polariser followed by a quarter-wave plate, which imposes working with circular polarizations [1] . One solution is to add a transverse magnetic field, which must be sufficiently strong to separate the three components ∆M J = 0, ±2. It can be seen from Table VI that a field in the 10 −5 -10 −4 T range (depending on the transition) is enough to obtain a separation of the order of 100 kHz, i.e. clearly resolved components assuming a linewidth of a few kHz [1] .
Finally, the Zeeman splitting is extremely small (a few Hz) when the states involved in the two-photon transition are pure states, while it is of a few kHz in other cases. This makes such transitions especially attractive from the metrological point of view. 
